I. INTRODUCTION
T HE finite-difference time-domain (FDTD) method has been widely used for the numerical analysis of transient electromagnetic problems because it is conditionally stable and very easy to implement [1] . Moreover, since it is a time-domain technique, one single run of simulation can provide much information over a wide-band using a broad-band excitation. However, since the FDTD method is an explicit time-marching technique, its time step size should be limited by the well-known Courant-Friedrich-Lecy (CFL) stability condition. Since the time step is dependent on the smallest length of the cell in a computational domain, this CFL condition may be too restrictive to solve problems with fine structures, such as thin material, slot, and via.
In recent times, to eliminate the CFL stability condition, the alternating-direction-implicit (ADI) method was proposed in order to formulate the implicit FDTD scheme [2] - [6] . The resulting ADI-FDTD method was found to be unconditionally stable. Therefore, one can use the larger value of the time step rather than the CFL limit. However, the larger value of the time step rather than the CFL limit results in a larger dispersion error.
In this paper, we propose an unconditionally stable solution procedure for the FDTD method for the two-dimensional (2-D) case using weighted Laguerre polynomials as temporal basis and testing functions. Since Laguerre polynomials are defined from to , they are suitable for a causal system [7] , [8] . Laguerre polynomials of higher orders can be generated recursively and are orthogonal with respect to a weighting function in a function space defined through the inner product of two continuous functions. Using the Laguerre polynomials and the weighting function, one can construct a set of orthogonal basis functions, which we call the weighted Laguerre polynomials. Physical quantities that are functions of time can be spanned in terms of these orthogonal basis functions-weighted Laguerre polynomials. Note that the weighted Laguerre polynomials are completely convergent to zero as . Therefore, arbitrary quantities or functions spanned by these basis functions are also convergent to zero as time progresses. Using the Galerkin's method, we introduce a temporal testing procedure, which results in an implicit FDTD formulation. By applying the temporal testing procedure to the FDTD, one can eliminate the time-step limitation that is the hallmark of the explicit time-domain technique. Instead of the leapfrog procedure, we introduce a marching-on-in-order of the basis functions. Therefore, we can obtain the unknown coefficients for the basis functions from the zeroth order to the order by solving recursively the FDTD with weighted Laguerre polynomials. The minimum order or number of basis functions is dependent on the time duration and the frequency-bandwidth product of the problem.
When employing the conventional FDTD method, there is no matrix inversion involved with this computation procedure. However, the proposed method produces a banded sparse system matrix and is independent of the time step. However, this method also uses the same system matrix regardless of the order of basis functions to recursively solve for the unknowns. Therefore, one can assemble this sparse system matrix only once.
0018-9480/03$17.00 © 2003 IEEE The paper is organized in the following manner. In Section II, the formulations of the proposed FDTD are described. In Section III, the numerical results are presented. Finally, in Section IV, we summarize some conclusions.
II. FDTD USING WEIGHTED LAGUERRE POLYNOMIALS AS BASIS FUNCTIONS

A. FDTD With the Case
With simple and lossless media, the model formulation of the time-domain Maxwell's equations is
where is the electric permittivity and is the magnetic permeability. An upper dot denotes the derivative with respect to time. Using the central difference scheme both on time and space, is not a real position but an array index of each field variable, as shown in Fig. 1 . Fig. 1 shows the position of the electric and magnetic field vector components over the 2-D cells. and are the lengths of the edge where the electric fields are located. and are the distances between the center nodes where the magnetic fields are located.
In this paper, we use the dispersive boundary condition (DBC) as an absorbing boundary condition (ABC) [9] . The first-order DBC at or is given by (9) Using the central difference scheme and the averaging technique, the difference relation of (9) at (or ) can be written as (10) where (11) Similarly, the difference relation of (9) at (or ) is
Since the conventional 2-D FDTD method is an explicit timedomain technique, its time step is bounded by the CFL stability condition as follows:
where is the maximum phase velocity. Since the time step is dependent on the smallest length of the cell in a computational domain, the CFL condition may be too restrictive to solve problems with fine structures, such as a thin material, slot, and via.
So, in order to obtain an unconditionally stable solution regardless of the time step size, we propose a new FDTD algorithm in Section II-B, which uses weighted Laguerre polynomials as an entire domain temporal basis function.
B. FDTD With Weighted Laguerre Polynomials
Consider the set of polynomials defined by for (14)
These are Laguerre polynomials of order that are causal, which means that they exist for . These polynomials satisfy a recursive relationship given by (15) for (16) The Laguerre polynomials are orthogonal with respect to the weighting function , given by (17) where is a Kronecker delta for and zero otherwise. Therefore, an orthonormal set of basis functions can be derived from (17) through the representation (18) where is a time-scale factor. Note that these functions are absolutely convergent to zero as . Hence arbitrary functions spanned by these basis functions are also absolutely convergent to zero as . These basis functions are also orthogonal with respect to the scaled time variable as (19) where is the scaled time. Since the real time scale is quite small, in order to use the above basis functions properly, one should transform the real time scale using an appropriate scale factor. These orthogonal functions can approximate causal electromagnetic responses quite well. By controlling the timescale factor , the support provided by the expansion can be increased or decreased. Basis functions on the order of 0-4 are plotted in Fig. 2 . As can be seen, the functions given by (18) are causal and convergent as . Using these basis functions, the temporal coefficients in Note that the time variable on the left-hand side is different from the one on the right-hand side. In the above equations, can be regarded as an entire domain temporal basis function. To apply (20)- (22) to (1)- (3) and (9), we express the first derivative of the field variables with respect to time . In [8] , we can show that the first derivative of with respect to time is (23) where is a causal function. Inserting (20)- (22) into (1)- (3), respectively, we have To eliminate the time-dependent terms , we introduce a temporal Galerkin's testing procedure of (24)-(26) by using the orthogonal property of the weighted Laguerre functions. We multiply both sides of (24) The upper limit of infinity can be replaced by a finite time interval . This interval is chosen in such a way that the waveforms of interest have practically decayed to zero. This is the temporal testing procedure with respect to the basis function of order ,
. Rewriting (27)-(29) in a matrix form, we have
where Contrary to the conventional FDTD difference, (4)- (6) and (32) From (39) and (40), we can find that each electric field variable has the relationship with the adjacent six electric fields, as shown in Fig. 3 . Note that, in (39) and (40), the magnetic fields are known because their orders are lower than those of the electric fields. Therefore, each row has seven nonzero terms. Rewriting (39) and (40) as a matrix equation, we have (41) In (42), , and is the term due to an incident electric current expressed in (30) and (31).
is the summation term from the order 0 to . However, in the case of the boundary edges (perfect electric conductor (PEC) and ABC), we need a different procedure. First, in the case of the PEC boundary condition, all terms of its rows and columns except its diagonal term should be replaced with zero. Also, its row term of the forcing vectors and should be zero.
In the case of the first-order DBC, inserting (23) into (9) Contrary to the conventional FDTD method, the proposed method has an implicit relationship between the field variables, which results in a sparse system matrix . However, one can observe that the system matrix is independent of the order of the temporal testing function . Note that the stability is no longer affected by the time step size. In our method, the time step is used only to calculate the Laguerre coefficients due to the excitation in (30) and (31), at the start of the computations. Therefore, one can choose a small value of to evaluate (30) and (31) accurately, which does not increase the computing time.
In (47), since is a known vector, if we know the coefficients for the electric fields from order 0 to , one can solve (47). Inserting into (47) and rewriting (47), we obtain (48) because . Since is a known vector, we can obtain easily by solving the matrix (48). Since at each recursion the proposed method uses the same system matrix first, one can perform the lower-upper (LU) decomposition of only once at the beginning of the computation step. One can then solve (47) by using the backsubstitution routine repeatedly. The magnetic fields can be obtained from (34).
In Section II-C, we explain up to what order of the temporal basis functions one should consider. This parameter is related to the accuracy of the solution regardless of the stability condition.
C. Choice of the Number of Temporal Basis Functions
It is assumed that the signal that we are interested in characterizing is practically band-limited up to a frequency . In addition, we are also interested in generating the same signal in the time domain up to the time duration . Then, we represent the real-time signal by a Fourier series In order to obtain an accurate solution, therefore, one should solve (47) recursively at least times. Therefore, if we want to observe the transient response at a spatial location due to an incident field of bandwidth , then we need at least terms of the Laguerre series to completely characterize that temporal waveform of duration and bandwidth , irrespective of its shape. 
D. Calculation of Electric and Magnetic Fields
By solving (47) recursively, we obtain the coefficients of each temporal basis function, which are the expansion coefficients of the electric and magnetic fields. In (18), one can see that . So, we can observe that the electric and magnetic fields obtained from the above equations are unconditionally stable because they are spanned by a set of absolutely convergent basis functions as .
III. NUMERICAL EXAMPLES
In this section, 2-D parallel plate waveguides for the case are tested to validate our method. In this paper, we use the following sinusoidally modulated Gaussian pulse as an input electric current profile: (56) where (57) In this paper, we use GHz, and we choose ns and GHz. Inserting and into (52), we can evaluate the number of the weighted Laguerre polynomial functions, and we choose . Also, the time-scale factor is . As the first example, we consider a 2-D parallel plate waveguide as shown in Fig. 4 . There are 100 and 10 uniform subdivisions along the and directions, respectively. The cell size is 0.01 m 0.01 m. The component of the electric current is located on the excitation line, and there are two measurement points, and . The first-order dispersive boundary conditions are set at the -directional terminals of the domain, and we use . Fig. 5 shows the components of the electric fields at and . The agreement between the conventional FDTD method and the proposed method is very good. The CFL stability condition of this model is ps. The time step size for the proposed method is ps in order to accurately evaluate (30) and (31), which hardly increases the computing time.
As the next example, we consider a 2-D parallel plate waveguide with a thin PEC slot, as shown in Fig. 6(a) . In order to model this thin conductor plate of width 1.0 m, we use the graded mesh as shown in Fig. 6(b) . A very small cell is placed around the slot. In the PEC plate model, the PEC plate is divided into two cells, and the minimum cell size is 0.5 m 0.005 m. There are 120 and 12 subdivisions along the and directions, respectively. The CFL stability condition of this model is fs. The time step size chosen for the proposed method is ps to calculate the Laguerre coefficients of the excitation pulse, which is small enough to evaluate (30) and (31). Fig. 7 shows the components of the electric fields at and , respectively. The agreement between the conventional FDTD method and the proposed method is very good. Table I represents the required computational resource and the computing time for the numerical simulations. Since the proposed method requires a smaller number of iterations than those of the conventional FDTD method, the CPU time for the proposed method can be reduced to about 1.26% of the original FDTD method while maintaining the high accuracy. Therefore, by not using the CFL stability conditions and completely eliminating the time variable from the computations of the updating of the electric and the magnetic fields, the computation of the proposed method is less than the computation time of a conventional FDTD method by at least two orders of magnitude. All calculations in this paper have been performed on an Intel Pentium IV 2.2-GHz machine.
IV. CONCLUSION
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